We study the number of distinct sites visited by N random walkers after t steps Siv(t) under the condition that all the walkers are initially at the origin. We derive asymptotic expressions for the mean number of distinct sites (Siv(t)) in one, two, and three dimensions. We find that (Siv(t)) passes through several growth regimes; at short times (Siv(t))~t " (regime I), for t» & t & t'"we find that (Siv(t))~(t ln[N Si(t)/t ])" (regime II), and for t & t'", (Siv(t))~NSi(t) (regime III). The crossover times are t " ln N for all dimensions, and t'"~o o, exp N, and N for one, two, and three dimensions, respectively. We show that in regimes II and III (Siv(t)) satisfies a scaling relation of the form (Siv(t)) t f(x), with x:-N(Si(t))/t . We also obtain asymptotic results for the complete probability distribution of Siv(t) for the one-dimensional case in the limit of large N and t,. PACS number(s): 05.40. +j
I. INTRODUCTION
One of the most important properties of a discretetime lattice random walk is the number of distinct sites visited by a t-step walk [1 -19] . This importance stems from the large number of models that are directly related to the first-passage events of the random walker. These events enter into the description of phenomena ranging from relaxation processes [3 -6] and diff'usion-limited reactions [3, 20, 21 such as defect annealing [2, 7] and exciton trapping [8, 9 , to the spread of populations in ecology [22] [23] [24] [25] .
The analyses in the literature to date refer to the calculation of properties of Si(t), the distinct number of sites visited by a single random walker. For this case, the asymptotic forms for the mean number of sites visited (Si(t)) in any number of dimensions d are well known. Knowledge of (Si(t)) enables one to find a lowest-order approximation to the survival probability for the "trapping problem, " in which a random walker moves in the presence of randomly distributed static traps [3] . This problem can be regarded as the simplest generalization of the Smoluchowski model [3, 20, 21] . (Si (t)) also appears in the solution of the "target" problem [3] , in which a single target is static within a concentration of diffusing traps. The survival probability in this case i.
given exactly by exp[ -k(Si(t))] [3] (where k depends oi the lattice and the concentration of traps), if the traps are initially Poisson distributed.
The properties of the number of distinct sites visited in the more general situation where there are N random alkers in the system are not related simply to the singlewalker case. Here we calculate the asymptotic properties of Siv(t), the number of distinct sites visited by N » 1 independent random walkers.
The quantity Siv(t) has direct application to any situation that might be conceptualized as a "multiplescavenger problem, " in which mobile traps (or scavengers) react with stationary particles initially distributed homogeneously on the lattice, and a particle disappears when any one of the traps reaches it. It can also be useful for the analysis of the simultaneous survival of several particles diffusing in the presence of randomly distributed static traps, which is the generalization of the trapping problem described above (Fig. 1) . The (Fig. 2) .
We also carried out numerical calculations for (S~(t)) using both the methods of Monte Carlo and exact enumeration. In particular, we confirmed the scaling form (13) [26] . II. GENERAL FORMALISM AND REGIME I,
The probability that r has been visited by at least one of the N random walkers in the course of t steps is 1 I', (r-) Thus, the expect, ed number of distinct sites visited by the N random walkers by the tth step is (SN(t)), where (2 2) where the sum is over all sites of the lattice.
The analysis for regimes II and III requires the introduction of a generating function S(u;t) defined with respect to the number of random walkers N as (2 3) First we introduce some notation. The probability that a site r will be first visited at step t by a single random walker initially at the origin will be denoted by fi(r) We. denote by I'i(r) the probability that the site r has not been visited by Next we are interested in finding, for d = 1, the form of (S~(t)) in the limit of a large number of steps (regime II). We use the expression for fi(z), where the position z is now a continuous variable, based on the use of a continuum approximation for the probability distribution p&(z), the probability that a walker initially at the origin will be at position z at time t. The result is [28] e~~~" 1dv = e~f (p)dp, Accordingly, we will consider the behavior of S(u;t) in the two limits e -+ co and c~0, which corresponds, respectively, to t~oo for fixed N, and N~oo for fixed but large t. In the first case we can neglect the factor of 1 in comparison to eve". This appears to introduce a singularity into the integral because of the term 1/v, but the singularity is apparent rather than real, as can be seen from the rigorously correct version of S(u;t) given in Eq. (2.4), and the consideration that I'q(0) = 0. It therefore follows that S(u; t) has the scaling form (4.3a) (S~(t)) Nt/ln(t). Thus, for times such that t )) t'",where t'"e, the expected number of distinct sites visited by N random walkers is proportional to N times the expected number of distinct sites visited by a single random walker [14, A Tauberian theorem then allows us to conclude that , , /NI (SN (t)) 2xo (2t) ln~~(regime II), which is valid when N )) +t. Again we see that there exists a "screening" growth regime of (S~(t)) after the initial regime for which (S~(t)) (5.15) Our contention is now proved since the integral is manifestly equal to a function of y t/N, which is equivalent to the scaling form found in Eq. (5.11). As mentioned in Sec. II, we performed tests of (5.11) using exact enumeration procedures, and found good agreement with the scaling form.
VI. DISTRIBUTION [13] . For the N walker case, in d = 1, we can derive the probability density of the overall span of the N diffusing particles, that is, the distribution of endto-end distances between the rightmost and the leftmost positions reached by any of the walkers in the continuum limit. The span, in one dimension, can be regarded as the continuous analog of the number of distinct sites visited by a discrete random walk. The span for this system can be decomposed into the sum of the furthest displacement in the positive z direction, and the corresponding furthest displacement in the direction of negative z. Hence, the first problem to be considered is that of calculating at time t the probability density for the maximum displacement of a diffusing particle, initially at z = 0. Let Table I . Making use of the theory of extreme order statistics [30] , we also found the asymptotic form of the distribution of the Siv(t) for d = 1.
There is considerable recent interest in the modifications in basic physical laws that are required when the underlying substrate is a fractal object instead of a Euclidean space [32, 33] . An analysis of the generalization requiring us to find the expected number of distinct sites visited on a fractal relies much more heavily on computer simulations and will be investigated in a work to follow, as well as the addition of a biasing field, which will also fundamentally modify the interference effects and the properties of the number of distinct sites.
